
Improvements in or relating to bells 

Field of the invention 

The invention relates to the field of bell design and manufacture. 

Background of the invention 

5 A bell is a solid body that undergoes vibration and radiates energy into the air to make 
sound. A bell is typically a hollow body having an opening at one end (the "mouth"). In 
Western musical systems, bells are typically axisymmetric. Oriental bells having an oval 
(as opposed to a circular) cross-section are known. 

It is convenient to define certain terms that are commonly used in the description of bells. 
10 A circular line on the circumference of the bell, in a plane normal to the axis of symmetry, 
is called a "ring". A line on the surface of the bell, in a plane parallel to, and passing 
through, the axis of symmetry, is called a "meridian". Similarly, a direction along a 
meridian is referred to as a "meridonal direction". 

When a bell is struck, it undergoes a complex vibration. The vibratory motion of a bell 
15 may be regarded as a linear combination of different motions of the bell known as the 
bell's "normal modes of vibration", or, simply, "modes". Each mode of vibration 
represents a particular vibratory shape and takes place at a single frequency of vibration. 
Thus, the rich sound of a bell may be regarded as being the superposition of many different 
frequency components, with each frequency being due to its associated mode of vibration. 

20 The acoustically important modes are those in which displacement occurs in a direction 
normal to the bell's surface, as these modes are able to most efficiently radiate their energy 
in the air in the form of sound. In what follows, it is to be understood that a reference to 
"modes" is a reference only to modes in which vibration occurs in a direction normal to the 
bell's surface. Similarly, a reference to "frequencies" is a reference only to frequencies 

25 due to modes in which vibration occurs in a direction normal to the bell's surface. 

Typically (depending on how the bell is struck), the amplitude of vibration of higher 
frequency modes decays more rapidly than that for lower frequency modes so that after a 
short time (typically of the order of one second) only several of the lowest frequency 
modes continue to be heard. Furthermore, complex psycho-acoustic effects are generally 
30 believed to make only the several lowest frequency modes musically important and/or 
discernible. 
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We adopt the traditional naming convention of the modes according to the number and 
location of nodes, or stationary lines, of the mode in question. That is, modes are referred 
to as an ordered pair (/w,«) where m is the number of meridonal nodal lines and n is the 
number of nodal rings. The (2,0) mode is the lowest frequency acoustically important 
5 mode ("the fundamental"). Where there are two modes satisfying the criteria of a given 
ordered pair (m 7 n), then the lower frequency mode is referred to as (m,n) and the higher 
frequency mode is referred to as (/w,«#). 

In this specification, a reference to the first, say, three, modes is a reference to the lowest 
frequency mode, the second lowest frequency mode and the third lowest frequency mode. 
10 Other references to the first number of modes are to be construed similarly. 

In this specification, a reference to the "mode sequence" for a bell is a reference to a list of 
the modes of the bell, in order of the frequency of the modes and starting with the lowest 
frequency mode. Similarly, references to a "frequency sequence" are references to a list of 
the modal frequencies of a bell starting with the lowest modal frequency. 

15 In this specification, references to frequencies "being tuned", and similar expressions, are 
references to modal frequencies which are desired to be modified to substantially adopt 
particular values. For example, in the case of an harmonic bell wherein the first five 
frequencies are to be substantially in an harmonic sequence, the first five frequencies are 
all "being tuned" or "to be tuned". In a similar vein, a reference to a "tuned bell" is a 

20 reference to a bell that has modal frequencies that have been tuned. 

The sound quality or timbre of a bell is dependent upon the frequency ratios and relative 
strengths of the different frequency components in the sound emitted by the bell. 
Consequently, it has long been the goal of bell founders to make bells where the 
frequencies of the lowest several modes are tuned as nearly as possible to particular 
25 frequency ratios. For example, church bells are typically tuned so that the first five modes 
have frequencies that are as near as possible to the ratios (with respect to the fundamental): 
1, 2, 2.4, 3 and 4. In this instance, the first five modes have traditionally been considered 
to be the modes (2,0), (2,1), (3,1), (3,1#) and (4,1). 

This tuning system is referred to as the "minor third" because the frequency of the third 
30 mode is musically at an interval of a minor third above the frequency of the second mode 
(and an interval of a minor third plus an octave from the frequency of the first mode). 
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Handbells are generally smaller than church bells, and generally have a different tuning. 
Generally, only two modes are tuned in handbells. In the so-called English tuning of 
handbells, the frequency of the second mode (usually the (3,0) mode) is tuned to three 
times the frequency of the fundamental (the (2,0) mode). Others tune the second mode to 
5 2.4 times the frequency of the fundamental to give the bell a minor third character. 

Minor third bells generally have a curved outer wall of approximately hyperbolic shape in 
the meridonal direction. As the wall approaches the mouth of the bell, it generally includes 
a relatively thick portion, prior to termination of the wall at the mouth. This thicker 
portion is often referred to as the "sound bow". Handbells generally also have a thicker 
10 portion at around the same location, often referred to as the "lip". 

Due to the complexity of the vibratory motion of a bell, it is considered practically 
impossible to design a bell with a given frequency distribution by only physical methods 
and/or simple computational methods. 

In 1987 a team of Dutch engineers used a numerical computation scheme to design a major 
15 third bell, where the first five modes have frequencies in the ratios (with respect to the 
lowest frequency): 1, 2, 2.5, 3 and 4 ("The Physics of Musical Instruments", Fletcher and 
Rossing, Springer-Verlag, 1991, Chapter 21). The numerical scheme was based on the 
finite element method in conjunction with an optimisation algorithm. The finite element 
method (to be discussed further below) is, relevantly, a computational tool that is capable 
20 of numerically estimating the modes of vibration of a solid body and their associated 
frequencies. 

Different major third bells have been designed. Each has a substantially visually different 
profile to that of the known minor third bell shapes. In particular, the major third bells 
have a curved outer surface with at least two extra turning points in the meridonal direction 
25 in comparison to the minor third bell shape. 

Ideally, a bell with the greatest clarity (and, possibly, beauty) of sound would be an 
harmonic bell, that is a bell having at least the first several modal frequencies in the ratios 
1, 2, 3, etc. Due to the complexity of bell vibrations, it has hitherto been considered 
impossible to design an harmonic bell. Indeed, the art of bell founding is known to date 
30 beyond 1600BC. However, an ideal or harmonic bell has never, until now, been produced. 
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A bell with modes in an harmonic sequence would be expected to have many musical 
advantages over currently known bells. It is generally believed that pitch perception in 
humans is based on finding a best fit of an harmonic sequence to the perceived spectra of a 
sound, and attributing perceived pitch to the fundamental frequency of that, fitted, 
5 harmonic sequence. Bells with vibrational modes in an harmonic sequence would 
therefore be expected to create less ambiguous pitch perceptions. 

Further, music is generally written for instruments with harmonic spectra (or very near to 
harmonic spectra). Consonant musical relationships are created when notes are tuned so 
that they have spectral frequencies that are in common and/or that are well separated. Since 
10 the spectral frequencies are whole number multiples of the fundamental frequency these 
notes have tended toward simple number ratios of each other in most musical tuning 
systems. Bells with harmonic spectra would therefore be expected to create more 
consonant musical relationships in most musical tuning systems and with most other 
musical instruments than currently known bells. 

15 Finite element methods for numerically estimating the normal modes of a solid body, and 
their associated frequencies, are known. In this method, the body is notionally divided into 
many elements. The geometry or layout of this division is called a "mesh". Individual 
elements are defined by so-called "nodes" which are points on the boundaries of elements. 
Many different element types, with different properties, and different areas of applicability, 

20 are known. 

The finite element method, like other methods of analysing modes, is capable of estimating 
the mode shapes and frequencies of a body only for a particular, given, geometry. 

It is known to use analysis methods, such as the finite element method, in conjunction with 
so-called "optimisation methods". The goal of an optimisation method is, using certain 

25 optimisation rules, to successively modify the input to an analysis method (a given 
geometry in the case of analysing the modes of solid bodies) until the analysis method 
indicates that the performance of the input has succeeded in reaching a desired value 
(known as the "objective"). The performance criterion is quantified by way of the 
so-called "objective function". The geometry produced by such successive modifications 

30 is said to be "optimised". For example, in the case of optimising the shape of a bell to 
obtain a shape having particular modal frequencies, a given modal frequency would be the 
"objective function" and the optimisation method would use appropriate rules to modify 
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the shape of the bell from a given starting shape, until the analysis method (eg the finite 
element method) indicated that the objective function had obtained the objective (ie that 
the bell had attained a shape having the desired modal frequencies). 

It is known to use the finite element method in conjunction with an optimisation method to 
5 design a major third bell (as described above) and in the attempted design of a bell with 
"clarinet tuning" (described below). 

However, a very considerable difficulty with using the finite element method together with 
an optimisation method to design a bell with a given frequency content is that, due to the 
large number of variable parameters and constraints (ie the extremely complex 
10 optimisation space), unless the starting shape is suitably close to the final optimised shape, 
the optimisation procedure simply will not generate a solution that meets its objective. 

For example, it is known to use a cylindrical bell with a uniform wall thickness as a 
starting shape in an optimisation procedure in an attempt to find the shape of a bell that 
corresponds to "clarinet tuning", that is a tuning in which the first four modes have the 

15 frequency ratios (with respect to the fundamental) of 1, 3, 5 and 7 ("Tuning of Bells by 
Numerical Shape Optimisation" by Fountain, Tomas, and Trippit). However, the best 
result achieved using the stated starting shape was a shape having frequencies in the ratios: 
1, 2.74, 4.799 and 6.57. The errors are so large that, in practical terms, the optimisation 
procedure may be considered to have failed to reach its objective. Further, from a musical 

20 perspective, these errors are far too large for the bell to be useful. 

Summary of the invention 

In this specification, a reference to the frequencies of the first at least three modes being 
substantially in an harmonic sequence means that the frequencies of the first at least three 
modes substantially conform to the ratios 1, 2, 3 etc. (with respect to, and including, the 
25 fundamental). A bell wherein the frequencies of the first several modes are substantially in 
an harmonic sequence is referred to hereafter as "an harmonic bell". 

The bells and bell designs of the present invention have a top portion, a side portion and a 
mouth, the side portion extending from the top portion to the mouth. 

According to one aspect of the present invention, there is provided a bell wherein the first 
30 at least three frequencies are substantially in an harmonic sequence. 
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According to another aspect of the present invention, there is provided a bell wherein the 
first at least four frequencies are substantially in an harmonic sequence. 

According to a further aspect of the present invention, there is provided a bell wherein the 
first at least five frequencies are substantially in an harmonic sequence. 

5 In one form of the invention all the tuned frequencies of the harmonic bell are due to 
modes with no ring nodes. 

In another form of the invention, of the tuned frequencies of the harmonic bell, the 
frequencies due to modes with no ring nodes are all below any frequencies due to modes 
with ring nodes. 

10 The outer surface of the side portion of the harmonic bell may be generally in the form of a 
truncated circular cone. The outer surface of the side portion of the harmonic bell may be 
generally convex. It may substantially consist of a generally convex portion and a portion 
generally in the form of a circular cylinder. It may substantially consist of a generally 
convex portion and a portion generally in the form of a truncated circular cone. 

1 5 The inner surface of the side portion of the harmonic bell may be generally in the form of a 
truncated circular cone. The inner surface of the side portion of the harmonic bell may be 
generally concave. It may substantially consist of a generally concave portion and a 
portion generally in the form of a circular cylinder. It may substantially consist of a 
generally concave portion and a portion generally in the form of a truncated circular cone. 

20 The side portion of the harmonic bell may be generally tapered. 

According to another aspect of the present invention, there is provided a bell wherein the 
first at least three frequencies are substantially in an harmonic sequence, the bell being 
produced in accordance with a design according to a method of the present invention. 

According to another aspect of the present invention, there is provided a bell wherein the 
25 first at least three frequencies are substantially in an harmonic sequence, the bell being 
copied from a bell produced in accordance with a design according to a method of the 
present invention. 

According to a further aspect of the present invention, there is provided a method for 
designing a bell having the first at least three frequencies substantially in an harmonic 
30 sequence, the method comprising the steps of selecting an initial bell shape and using the 



initial bell shape in an optimisation procedure for modifying the bell shape such that it 
becomes an harmonic bell. 

In one form of the invention the initial bell shape is such that the frequencies to be tuned 
are due to modes with no ring nodes. 

5 In another form of the invention the initial bell shape is such that, of the frequencies to be 
tuned, all the frequencies due to modes without ring nodes are below any frequencies due 
to modes with ring nodes. 

The initial bell shape is preferably selected by introducing one or more of the following 
shape features to a first bell shape: 

10 (a) conicity or increased conicity; 

(b) tapering of the side portion or increased tapering; 

(c) concavity with respect to the inside surface of the bell or increased concavity; 

(d) increased length of the side portion; or 

(e) decreased thickness of the side portion. 

15 The initial bell shape may be a rescaled existing bell shape for an harmonic bell. 

The optimisation procedure according to the present invention will be described below. 
However, at the present time it is important to be aware that the modal frequencies of a 
bell are generally highly sensitive to small variations of the wall thickness of the side 
portion of the bell. Accordingly, in defining the allowable shape changes that may be 
20 introduced during the optimisation procedure, it is typically effective to constrain either the 
inner or outer surface of the side portion and to allow the opposing outer or inner surface 
(as the case may be) to move (ie remain unconstrained) in order to vary the wall thickness 
of the side portion and to thereby adjust the modal frequencies during optimisation. 

In designing an harmonic bell using an optimisation procedure it is believed to be 
25 necessary to have an initial bell shape for use in the optimisation procedure that has modal 
frequencies or frequency ratios being suitably close to their desired values in order for the 
optimisation objectives to be achieved. In this regard, high modal frequencies (and hence 
frequency ratios) are generally more sensitive to changes in the wall thickness of the side 
portion than lower modal frequencies (and frequency ratios). Consequently, the higher 
30 modal frequencies may be more easily tuned in subsequent optimisation iterations. 
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Accordingly, in order to bring the initial shape suitably close to the ultimate shape for 
successful optimisation, the higher modal frequencies or frequency ratios need not be as 
close to the desired values as for lower modal frequencies or frequency ratios. 

Accordingly, one aspect of the present invention provides shape features for a bell shape to 
5 generate an initial bell shape for producing an harmonic bell in an optimisation procedure, 
the initial bell shape having frequencies suitably close to desired frequencies. In a further 
aspect, the present invention provides shape features for a bell shape to generate an initial 
bell shape for producing an harmonic bell in an optimisation procedure, the initial bell 
shape having frequency ratios suitably close to desired frequency ratios. 

10 It was realised that the problem in using an optimisation procedure to produce an harmonic 
bell from an initial bell shape of known bell shape, given that the initial bell shape for use 
in the optimisation procedure must have modal frequencies or frequency ratios that are 
suitably close to their desired values, is that the first several modes in the mode sequence 
of known bell shapes include both modes without ring nodes (ie (m,0) modes) and modes 

15 with ring nodes (ie (m,n) modes where «>1), wherein at least one mode with at least one 
ring node is interspersed between modes without ring nodes. This distribution of modesHn 
the mode sequence makes it extremely difficult, if not practically impossible, to choose an 
appropriate initial bell shape for optimisation in the absence of being able to control, at 
least to some extent, the nature of the mode distribution in the mode sequence. 

20 For example, the problem in generating an harmonic bell having more than the first three 
modes tuned (ie tuned to being substantially in an harmonic sequence) using an initial bell 
shape of a particular circular cylinder was that the first five modes were in the order 
(starting with the lowest frequency) (2,0), (3,0), (2,1), (4,0), (5,0). In this example, the 
frequency of the (3,0) mode and the frequency of the (4,0) mode cannot attain a 

25 sufficiently large frequency ratio during optimisation for the ratio 2:4 to be established as 
required. Typically, the frequencies of (/w,0) modes on either side of a ring mode cannot 
attain a sufficiently large frequency ratio for the appropriate harmonic relationship to be 
established. 

The present inventors have realised that this problem may be solved to provide suitable 
30 initial bell shapes for producing harmonic bells in an optimisation procedure by applying 
suitable shape features to an initial bell shape so that the mode sequence of the initial bell 
shape is as desired. As discussed above, it is generally more important that the lower 
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modal frequencies of initial bell shapes are close to their desired values than is the case for 
higher modal frequencies. For . this reason, it is generally more important that the mode 
sequence of the lower frequency modes of initial bell shapes is in a desired modal 
sequence than that the modal sequence for higher frequency modes is in a desired modal 
5 sequence. In fact, if the lower frequency modes of an initial bell shape are in a desired 
modal sequence, it may not be necessary to have regard to the modal sequence of higher 
frequency modes, even where some higher frequency modes are to be tuned. 

In the case of designing an harmonic bell, it has been found preferable to utilise an initial 
bell shape for optimisation in which at least the lowest few frequencies being tuned all 

10 correspond to (ra,0) modes. That is, at least the first few frequencies being tuned all 
correspond to modes with no ring nodes. For example, an harmonic bell with five modes 
in tune may be obtained by the method of the present invention using an initial bell shape 
where the first five modes are (2,0), (3,0), (4,0), (5,0), and (6,0). However, an harmonic 
bell with seven modes in tune may be obtained by the method of the present invention 

15 using an initial bell shape where the first seven modes are (2,0), (3,0), (4,0), (5,0), (6,0), 
(2,1), and (3,1). In the latter case, the ultimate bell shape will typically have a mode 
sequence as follows: (2,0), (3,0), (4,0), (5,0), (6,0), (7,0), and (8,0). In this case, the 
optimisation caused the frequencies of the (7,0) and (8,0) modes to drop below the 
frequencies of the (2,1) and (3,1) modes and the fact that the first five modes were all 

20 modes with no ring nodes was sufficient to render the initial bell shape suitable. 

According to an aspect of the present invention, there is provided a method for designing a 
bell wherein the frequencies of the first at least three modes are substantially in an 
harmonic sequence, the method comprising the steps of selecting an initial bell shape and 
using the initial bell shape in an optimisation procedure according to the present invention, 
25 the initial bell shape being such that the frequencies of at least the first three modes each 
have no ring nodes. For the avoidance of doubt, in the preceding sentence, the second 
reference to "at least three modes" is not necessarily a reference to the same modes as 
referred to by the first reference to "at least three modes". 

According to a further aspect of the present invention, there is provided a method for 
30 designing a bell wherein the frequencies of the first at least three modes are substantially in 
an harmonic sequence, the method comprising the steps of selecting an initial bell shape 
and using the initial bell shape in an optimisation procedure according to the present 
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invention, the initial bell shape being such that, of the number of frequencies to be tuned, 
all the frequencies due to modes without ring nodes are below all the frequencies due to 
modes with ring nodes. For example, according to this aspect of the present invention, if 
five modes are to be tuned, then the initial bell shape must be such that, of the first five 
5 modal frequencies, all the frequencies due to modes without ring nodes are below all the 
frequencies due to modes with ring nodes (if any). 

The present invention accordingly provides, in a further aspect, shape features for applying 
to an initial bell shape so that the modes associated with the frequencies being tuned are 
separated such that, of the number of frequencies to be tuned, all the frequencies due to 
10 modes without ring nodes are below all the frequencies due to modes with ring nodes. 



y f Shape features according to the present invention will now be described with reference to 
Figure 6 which shows a cross-section of half a bell. 

Conicity is a shape feature according to the present invention. Conicity refers to the angle 
of inclination of the side portion to the axis of symmetry of the bell (represented by 

15 numeral 2 in figure 6). Figure 1 shows how the frequency ratios of the frequencies of the 
first several modes vary with cone angle, while other parameters remain unchanged, for an 
example bell shape with the following parameters. (These figures were determined using a 
finite element program.) The top portion is flat and has an equal thickness to the wall 
thickness of the side portion, namely 1 0mm. The length of the side portion, measured in a 

20 direction parallel to the side portion (represented by numeral 3 in figure 6), is 210mm. The 
radius of the top portion is 36mm, measured with respect to the top face of the top portion 
(represented by numeral 1 in figure 6). 

As can be seen from Figure 1, it has been found that by varying only the angle of the side 
portion of the bell with respect to the axis of symmetry, the frequency ratios (with respect 

25 to the fundamental) of the lowest several (mfi) modes are reduced as the angle of conicity 
increases (except for the ratio of the (2,0) mode, which, of course, remains unity by 
definition). At the same time, as the angle of conicity increases, the frequency ratios of the 
first several (/n,l) modes are increased. This increase is at a higher rate than the rate of 
decrease in frequency ratios of the (m,0) modes. At the same time, as the angle of conicity 

30 increases, the frequency ratios of the first several (/w,2) modes are increased, at a higher 
rate than the rate of increase in frequency ratios of the (/w,l) modes. As a consequence, as 
the angle of conicity increases, the more (/w,0) modes are included in the mode sequence 
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before a mode with a ring node appears in the sequence. For example, as can be seen from 
figure 1, at 20° the first two modes are (m,0) modes, at 30° the first three modes are (m 5 0) 
modes and at 40° the first four modes are (m,0) modes. 

Taper is a shape feature according to the present invention. Taper refers to the angle of 
5 inclination of the inner surface of the side portion to the outer surface of the side portion. 
Uniform wall thickness is, of course, zero taper. The sign convention is adopted such that 
the taper is positive for the case where the side portion is thinner near the mouth than near 
the top portion. Figure 2 shows how the frequency ratios of the frequencies of the first 
several modes vary with taper, while other parameters remain unchanged, for an example 

10 bell shape with the following parameters. (These figures were determined using a finite 
element program.) The bell is essentially a truncated circular cone, with a cone angle of 
35 degrees. The top portion is flat and has a thickness of 10mm. The length of the side 
portion, measured in a direction parallel to the side portion, is 210mm. The radius of the 
top portion is 36mm, measured with respect to the top face of the top portion. The taper is 

15 generated by rotating the line defining the inner surface of the side portion about its 
midpoint. Numeral 6 in Figure 6 represents the midpoint about which the line is rotated 
and numeral 7 indicates the position of the inner surface following the introduction of the 
taper. The abscissa values of Figure 2 represent the decreased (or increased thickness) of 
the side portion at the extremity of the side portion adjacent the mouth. 

20 As can be seen from Figure 2, it has been found that the introduction of a positive taper to 
a bell with a side portion in the form of a truncated cone, by varying only the angle of 
inclination of the inner surface of the side portion with respect to the outer surface, causes 
the frequency ratios (with respect to the fundamental) of the lowest several (/w,0) modes to 
be reduced as the degree of taper increases. At the same time, as the degree of positive 

25 taper increases, the frequency ratios of the first several (/w,l) modes are also decreased, but 
at a lower rate than the rate of decrease of the frequency ratios of the (m,0) modes. As a 
consequence, as the degree of positive taper increases, the more (w,0) modes are included 
in the mode sequence before a mode with a ring node appears in the sequence. 

Wall curvature is a shape feature according to the present invention. It has been found that 
30 introducing curvature into the side portion of a bell in the form of a truncated cone has an 
effect upon the relative frequency ratios of the (m,0) modes with respect to the modes with 
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ring nodes. In what follows, the descriptions "convex" and "concave" are with respect to 
viewing the inside surface of the side portion of the bell. 

Figure 3 shows how the frequency ratios of the frequencies of the first several modes vary 
with particular changes in the curvature of the side portion, while other parameters remain 
5 unchanged, for an example bell shape with the following parameters. (These figures were 
determined using a finite element program.) The curvature changes are to be viewed as 
changes to a shape that is essentially a truncated circular cone, with a cone angle of 
35 degrees. The top portion is flat and has a thickness of 10mm. The length of the side 
portion, measured in a direction parallel to the side portion, is 210mm. The thickness of 

10 the side portion is also 10mm. The radius of the top portion is 36mm, measured with 
respect to the top face of the top portion. The curvature changes are defined by first 
defining a point being a translation normal to the surface of the side portion of the 
midpoint of the side portion, (represented by the translation of numeral 4 to numeral 4' in 
figure 6). The shape changes are to fit an arc of a circle to the translated midpoint and the 

15 two end points of the initial line (see the arc of a circle represented by numeral 5 in 
figure 6). 

The abscissa values of Figure 3 represent the displacement of the midpoint of the side 
portion normal to the initial straight line. The sign convention is such that concavity (with 
respect to the inside of the bell) is positive and convexity is negative. As can be seen from 

20 Figure 3, introducing convexity into the side portion causes the frequency ratios of all of 
the first several modes to decrease, but the frequency ratios of the modes with ring nodes 
decrease faster than the frequency ratios of the (m 9 0) modes. Similarly, introducing 
concavity into the side portion causes the frequency ratios of all of the first several modes 
to increase, but the frequency ratios of the modes with ring nodes increase faster than the 

25 frequency ratios of the (m,0) modes. Consequently, as the degree of concavity increases, 
the more (m,0) modes are included in the mode sequence before a mode with a ring node 
appears in the sequence. 

Varying the length of the side portion of a bell is a shape feature according to the present 
invention. Figure 4 shows how the frequency ratios of the frequencies of the first several 
30 modes vary with the length of the side portion, while other parameters remain unchanged, 
for an example bell shape with the following parameters. (These figures were determined 
using a finite element program.) The bell is essentially a truncated circular cone, with a 
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cone angle of 35 degrees. The top portion is flat and has a thickness of 10mm. The radius 
of the top portion is 36mm, measured with respect to the top face of the top portion. The 
side portion is lOmmm thick. 

As can be seen from Figure 4, it has been found that increasing the length of the side 
5 portion of a bell having a side portion in the form of a truncated cone, causes the frequency 
ratios of the first several (/w,0) modes to drop slowly and the frequency ratios of the first 
several (/w,l) modes to rise slowly. Thus, increasing the length of the side portion of a bell 
also tends to separate the (/w,0) modes from the modes with ring nodes. 

Varying the wall thickness of the side portion of a bell is a shape feature according to the 
10 present invention. Figure 5 shows how the frequency ratios of the frequencies of the first 
several modes vary with wall thickness, while other parameters remain unchanged, for an 
example bell shape with the following parameters. (These figures were determined using a 
finite element program.) The bell is essentially a truncated circular cone, with a cone angle 
of 35 degrees. The top portion is flat and has a thickness of 10mm. The length of the side 
15 portion, measured in a direction parallel to the side portion, is 210mm. The radius of the 
top portion is 36mm, measured with respect to the top face of the top portion. 

As can be seen from Figure 5, it has been found that decreasing the wall thickness of the 
side portion of a bell having a side portion in the form of a truncated cone, causes the 
frequency ratios of the first several (m,0) modes to remain substantially unchanged and the 
20 frequency ratios of the first several (w,l) modes to rise moderately. Thus, decreasing the 
wall thickness of the side portion of a bell also tends to separate the (/w,0) modes from the 
modes with ring nodes. 

Typically, more than one shape feature according to the present invention will need to be 
utilised in order to achieve an initial bell shape where more than the first four modes are 
25 (?n,0) modes. For example, it is usually necessary to include both conicity and wall taper. 

According to a further aspect of the present invention, there is provided a method for 
designing a tuned bell wherein the frequencies of the first at least three modes are tuned, 
the method comprising the steps of selecting an initial bell shape and using the initial bell 
shape in an optimisation procedure according to the present invention, the initial bell shape 
30 being such that the frequencies of at least the first three modes each have no ring nodes, 
the initial bell shape being substantially in the form of a truncated circular cone. 
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Preferably, the optimisation procedure according to the present invention comprises the 
steps of: 

(a) setting the current bell shape to an initial bell shape; 

(b) selecting one of the frequencies to be tuned as a current objective; 

5 (c) selecting a desired value for the current objective to attain or a desired range for the 
current objective to fall within; 

(d) modifying the current bell shape in accordance with an optimisation method, the 
optimisation method being to cause the value of the current objective to move 
towards the desired value or range; 

10 (e) repeating step (d) as many times as necessary for the value of the current objective 
to become substantially equal to the desired value or for the objective to fall within 
the desired range; 

(f) if the frequencies to be tuned are not substantially in an harmonic sequence, 
selecting one of the frequencies to be tuned as the current objective; 

15 (g) repeating steps (c) to (e) in relation to the current objective, subject to a suitably 
chosen constraint or constraints to cause at least one of the frequencies to be tuned 
to approach or attain a desired value or desired frequency ratio; and 

(h) repeating steps (f) and (g) until the frequencies to be tuned are substantially in an 
harmonic sequence. 

20 Whether or not an initial shape is suitable can easily be determined by attempting an 
optimisation. If an optimisation is unsuccessful (ie it is not possible to obtain the desired 
objectives) then the initial shape is not suitable. For example, if, say, the sixth frequency 
cannot be sufficiently reduced during optimisation for its frequency ratio to be 
approximately 6.0, then it will be appropriate to first determine the mode type of the sixth 

25 frequency in order to decide what action to take. If the sixth frequency is an (m,0) mode 
(it would therefore be expected to be the (7,0) mode), the shape can be modified by 
applying one or more shape features that tend to reduce the frequency ratios of (m,0) 
modes, for example increasing the cone angle, increasing the wall taper or increasing the 
length. If the sixth frequency is not an (m,0) mode, it may be appropriate to introduce 
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shape features for the purpose of reducing the frequency ratios of (m,0) modes relative to 
other mode types such that the sixth frequency becomes an (m,0) mode. 

In carrying out the optimisation procedure according to the present invention it is generally 
necessary to observe and utilise the manner in which the choice of objective and 
5 constraints behave. In general, if no performance constraints are placed on frequencies 
other than the objective then the other frequencies may, and generally do, change as a 
consequence of optimising the particular objective. If any one frequency, other than the 
objective, is constrained, it is possible that this will cause an unconstrained frequency to be 
changed during optimisation in a different manner to that observed without the constraint. 

10 It is generally necessary to observe and utilise this behaviour in carrying out the 
optimisation. 

For example, using a starting shape substantially in the form of a truncated circular cone, it 
has been observed that, in a particular case, that if the objective is the frequency of the 
(2,0) mode which is to be increased, then if the (5,0) mode is constrained (generally it is 
15 constrained as an absolute value, based on a desired frequency ratio) then the frequencies 
of several modes with frequencies higher than the (5,0) mode (including modes with and 
without ring nodes) will decrease where they would have been likely to increase in the 
absence of the constraint. 

More generally, for (m,0) modes, it has been observed that raising a lower frequency while 
20 constraining a single higher frequency tends to cause the frequencies above the constrained 
frequency to be decreased, and frequencies between the objective and the constraint to be 
increased. Similarly, for (m,0) modes, it has been observed that lowering a higher 
frequency while constraining a single lower frequency tends to cause the frequencies 
below the constrained frequency to be increased, and frequencies between the objective 
25 and the constraint to be decreased. Further, and also for (m,0) modes, the closer a 
frequency is to the constrained frequency (in terms of frequency sequence rather than 
magnitude of frequency), the less it will move. 

These typical behaviours are not particularly surprising once one is acquainted with figures 
1 to 5, from which it may be seen that when a parameter is changed (such as cone angle or 
30 wall taper) such that the frequency ratios of the various (m,0) modes are changed, the 
frequency ratios of the various (m,0) modes tend to remain approximately evenly spaced. 
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The above observed typical behaviours of (m,0) modes when optimising an objective in 
conjunction with a single constraint can be usefully considered as a kind of "lever 
principle". That is, if each frequency when graphed with respect to the frequency sequence 
is imagined as being rigidly connected to one another, then the constraint may be 
5 considered as a kind of fulcrum and the objective frequency (ie the particular frequency 
being optimised) as a kind of levering point. Thus, according to this "principle", when the 
objective frequency is pushed up or down (by specifying an objective that is higher or 
lower than the current value) then the other (m,0) frequencies generally tend to move in the 
direction that they would move if actually joined by the imagined rigid connection, and the 
10 other (m,0) frequencies generally tend to move a distance approximately of the order that 
they would move if actually joined by the imagined rigid connection. Thus, the constraint 
(or fulcrum) does not move and points near the fulcrum generally move less than points 
further away from the fulcrum. 

The "lever principle'' referred to above may be more clearly understood with reference to 
15 the example given below. The "lever principle" is presented as a guide to making suitable 
choices when carrying out optimisations. The "principle" is not necessarily universally 
applicable but the present inventors have found it a useful guide in carrying out the 
optimisations for the two harmonic bells of which details are presented in this 
specification. Examples of the application of this "principle" are given in example 1, 
20 below. 

A simple way of finding an appropriate starting shape for conducting an optimisation 
according to the present invention is to take the shape of an harmonic bell already designed 
in accordance with the present invention, to rescale it, and to then use it as a starting point 
for a further optimisation to generate an harmonic bell design for a differently sized (and 
25 hence pitched) bell. 

Harmonic bells of different pitch may be generated by rescaling harmonic bells already 
designed in accordance with the present invention. If the rescaling has not caused the 
tuned modes to lose their harmonic tuning, then no further optimisation is necessary and a 
differently pitched harmonic bell may then simply be constructed in accordance with the 
30 rescaled design. 

One can use the foregoing methods to generate a range of harmonic bells with different 
fundamental frequencies. Once two harmonic bells of similar shape are generated, one can 
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plot fundamental frequency against some dimension, such as mouth radius, and join the 
two points with a straight line. This line can be used as a guide in selecting a scaling factor 
to generate a bell of given fundamental frequency from using a rescaled known bell shape 
as an initial bell shape for optimisation. This method may in some cases be an 
5 approximation only and in these cases it would be expected that some experimentation 
would be required to select an appropriate scaling factor to be able to generate a new 
harmonic bell of a particular fundamental frequency with an existing harmonic bell shape. 

Preferably the method for determining the frequencies of the modes of the current bell 
shape in an optimisation procedure according to the present invention is the finite element 
10 method. 

The optimisation method must determine the so-called "step direction" at each iteration. 
The step direction is the modification to be made to the bell shape during the given 
iteration. Preferably the optimisation method uses gradient methods to determine the step 
direction. Preferably, the method of conjugate gradient is used. The method of steepest 
1 5 descent may be used. 

According to a preferred embodiment of the present invention, the method for determining 
the frequencies of the modes of the current bell shape is the finite element method and the 
optimisation method effects shape modifications during each iteration by way of moving 
the nodes of the finite element mesh defining the bell. (The nodes of the finite element 
20 mesh refer to the points where elements are connected to one another and are not to be 
confused with the nodes occurring in the various modes of vibration of a bell.) 

The optimisation method used in this preferred embodiment will now be described. The 
computer software called ReSHAPE by Advea Engineering Pty Ltd (a company 
incorporated in Victoria, Australia) is used to effect the optimisation method. The 

25 invention is expressly not limited to the use of this package to effect the optimisation 
method according to the present invention. In the preferred embodiment, the sensitivities 
are calculated at each node of the finite element mesh. The sensitivity at a particular node 
is a measure of the rate of change of the objective (ie of the frequency of the chosen mode) 
with respect to a change of the node position. The meaning of the sensitivity is further 

30 discussed below in relation to cartesian coordinates (x, y, z) with corresponding unit 
vectors i, j and k. It will be readily appreciated by those skilled in the art that other 
coordinate systems may be used. 
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The rate of change of the objective with respect to a change of nodal position in each 
coordinate direction is calculated. If the value of the objective is designated P 9 then the 
rate of change of the objective with respect to a change of position of the node in the x 
dP 

direction is — . The rates of change of the objective with respect to a change of position 

dx 

dP dP 

5 of the node in the y and z directions are, respectively, — and — . The sensitivity at a 

dy dz 

j.j ~ j , dP . BP . dP B , . . . . , 

particular node is defined as the vector — n j + — k (le the sensitivity is the gradient 

dx dy dz 

of the scalar field P). The sensitivity vector points in the direction in which movement of 
the node will cause the greatest change to the objective. The magnitude of the sensitivity 
represents the maximum possible rate of change of the objective that can result from a 
10 movement of the node in question, which rate of change may generally only actually occur 
if the node is moved in the direction of the sensitivity vector. 

In ReSHAPE, the sensitivities at each point are calculated analytically. 

It is convenient to describe the optimisation method used in the preferred embodiment with 
reference to a cylindrical coordinate system in which the axial direction coincides with the 
1 5 axis of symmetry of the bell, the radial direction is normal to the axial direction and the 
circumferential direction is normal to the radial direction. 

In the preferred embodiment, the outer surface of the side portion of the bell is constrained 
and only the position of the inner surface of the side portion may be changed by the 
optimisation method. Further, the inner surface may only move in the radial direction with 
20 respect to the axis of symmetry of the bell, that is, towards or away from the axis. Further, 
in order to retain an axisymmetric shape, all circumferential points on the inner (or outer) 
surface at a given axial location must be moved by the same amount in the radial direction 
(known as an "averaging constraint"). 

In the preferred embodiment, the step direction is determined following determination of 
25 the sensitivities as follows. Firstly, the sensitivities for all circumferential locations at a 
given axial location are averaged in cylindrical coordinates to determine an average 
sensitivity vector for that axial location. Next, the magnitudes of all the averaged 
sensitivity vectors for each axial location are normalised with respect to the magnitude of 
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the averaged sensitivity vector with the largest magnitude. A preliminary step direction is 
then determined as the shape of the normalised averaged sensitivity vectors. 

This preliminary step direction is used to calculate the final step direction after taking into 
account the effect of the performance constraints. For example, if the shape of the bell has 
5 already been modified so that the first two modes are in the frequency ratio 1 :2, then the 
optimisation for the frequency of the third mode should be subject to the constraints that 
the frequencies of the first two modes do not change. In the preferred embodiment, these 
constraints are effected by determining the sensitivities with the respect to the constrained 
modes in the same manner as for determining the sensitivities for the objective. Because a 

10 shape change normal to the sensitivity vector for the constrained mode will cause the 
frequency of that mode to change the least, the preliminary step direction may be projected 
onto the hypersurface normal to the sensitivity vector for the constrained mode to 
determine a refined step direction. Once this process has been repeated with respect to all 
performance constraints (in the example, the frequencies of the first two modes), the 

1 5 resulting refined step direction will be the step direction for that iteration. 

The step size may be user specified or based on a suitable optimisation of the step size with 
respect to the objective, before the step is taken. 

Example 1 

As an example of the application of the principles relating to optimisations according to 
20 the present invention, Table 1 sets out the results of an optimisation carried out on an 
initial bell shape generated as follows. The bell shape is generated from a truncated cone 
by introducing shape features (concavity, taper and extra length) to a truncated cone shape, 
as described below. 

Firstly, a truncated cone was generated with a cone angle of 25°, 10mm wall thickness and 
25 36mm top radius, the top portion being 10mm thick. A concavity was introduced by first 
translating the midpoint of the outer surface of the side portion by 20mm normal to the 
initial line. An initial curve defining the inner surface was generated by translating a curve 
of equivalent curvature to the curve defining the outer surface so that the side portion is 
10mm thick. 

30 A taper was then introduced by rotating the initial inner surface curve around its midpoint 
such that the thickness of the side portion at the extremity adjacent the mouth was 
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5mm thick, measured in a direction normal to the outer surface. A continuation of the arc 
of a circle defining the inner surface of the side portion was necessary so that the curve 
defining the inner surface would intersect the line normal to the outer surface at the end of 
the outer surface in order to define the thickness of 5mm. 

5 Finally, an additional cylindrical portion was added to the existing side portion, the 
additional portion having a uniform thickness of 5mm and a length of 20mm. 



This initial shape was chosen having regard to the shape features discussed above. 
Potential initial shapes were analysed (by the finite element method) and modified by 
adding shape features as discussed above until a suitable initial shape was achieved. 
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10 Table 1 

Figure 7 graphically shows the frequency ratios of the first 7 frequencies in the frequency 
sequence for the initial bell shape. The absolute frequencies (as opposed to frequency 
ratios) in Hertz are listed adjacent their respective points on the graph. 

From Figure 7 it can be seen that the frequency ratios of all the frequencies in the 
1 5 frequency sequence (other than the fundamental) need to be decreased. Using the "lever 
principle" discussed above as a guide, it was decided to constrain the second frequency (in 
an absolute sense) and to raise the first (fundamental) frequency. That is, the frequency of 
the second frequency was constrained at 645 Hz and the first frequency was made the 
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objective function with an objective of 322Hz (being approximately half of the frequency 
of the second frequency in the frequency sequence). The tolerance on the constraint was 



These optimisation conditions would be expected to raise the frequency of the fundamental 
5 with respect to the second frequency and to lower the frequencies of those frequencies 
above the second frequency in the frequency sequence. The higher frequencies would be 
expected to be lowered more than the lower frequencies. Raising the frequency of the 
fundamental frequency has a further effect on the frequency ratios because raising the 
frequency of the fundamental frequency would lower the other frequency ratios even if the 
10 other frequencies were to remain unchanged. Thus raising the frequency of the 
fundamental frequency causes the frequencies being reduced to have frequency ratios 
changed by a proportionately greater amount than the change to the absolute frequencies. 

The results of the first optimisation are shown graphically in Figure 8. From Figure 8 it 
can be seen that the frequency ratios of the fifth and higher frequencies in the frequency 

15 sequence need to be decreased. Using the "lever principle" as a guide, it was decided to 
constrain the fifth frequency and to raise the first (fundamental) frequency. That is, the 
frequency of the fifth frequency was constrained at 1703 Hz and the first frequency was 
made the objective function with an objective of 340 Hz (being approximately one fifth of 
the frequency of the fifth frequency in the frequency sequence). The tolerance on the 

20 constraint was not changed. 

These optimisation conditions would be expected to raise the frequency of the fundamental 
and to lower the frequencies of those frequencies above the fifth frequency in the 
frequency sequence. Further, the second, third and fourth frequencies would not be 
expected to have their presently favourable ratios significantly changed, due to the "lever 
25 principle". 

The results of the second optimisation are shown graphically in Figure 9. The first five 
frequencies are now substantially in an harmonic sequence. It can be seen that the 
frequency ratios of the sixth and seventh frequencies still need to be reduced if they are to 
form part of the harmonic sequence. Using the "lever principle" as a guide, it was decided 
30 to constrain the fifth frequency and to lower the seventh frequency. 



±0.6%. 
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Using the "lever principle" it was realised that lowering the seventh frequency would be 
expected to raise the first frequency, so that it would not be desirable to try to reduce the 
seventh frequency to seven times the first frequency. In general terms, it is appropriate to 
try to lower the seventh frequency to seven times an amount that slightly exceeds the first 
5 frequency. That is, it was not considered appropriate to try to reduce the seventh 
frequency to 2380 Hz. Rather, it was considered appropriate to attempt to reduce the 
seventh frequency to an amount somewhat in excess of 2380Hz, such as, say 2390 or 



However, observation of the behaviour of trial third optimisations indicated that the 
10 seventh frequency could not be reduced to around this level without introducing errors into 
the other frequencies. Thus, as a compromise, it was decided to reduce the seventh 
frequency to 2434Hz, this frequency appearing to be the best way of making the seventh 
frequency approach the desired level without upsetting the ratios of the other frequencies. 

Thus, the magnitude of the fifth frequency was constrained at 1702 Hz and the seventh 
15 frequency was made the objective function with an objective of 2434 Hz. The tolerance on 
the constraint was not changed. 

The results of the third optimisation are shown graphically in Figure 10. As can be seen, 
the first seven frequencies are substantially in an harmonic sequence. The errors as 
compared to an ideal harmonic sequence are provided in table 1 . 

20 The first seven frequencies are all due to (m,0) modes. That is, the first seven modes are 



A representation of the harmonic bell designed in example 1 is given in Figure 1 1 . Table 2 
provides a list of the coordinates (in cartesian/rectangular coordinates) of the nodes shown 
in Figure 1 1 to define the shape of the inner surface of the bell. The origin of the 
25 coordinates is shown in Figure 1 1 and is located on the axis of symmetry about a quarter of 
the height of the bell above the mouth of the bell. 

Table 3 provides a list of the coordinates of the three points that together define the curved 
part of the outer surface of the side portion. The curved part of the outer surface is defined 
by fitting the arc of a circle to the three points. The additional cylindrical part of the outer 
30 surface of the side portion is formed by continuing the bottom of curve defined in Table 3 
to the point (125.2,-38.4). 



2400Hz. 



(2,0), (3,0), (4,0), (5,0), (6,0), (7,0), and (8,0). 
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Example 2 

Figure 12 provides a further example of an harmonic bell designed in accordance with the 
5 present invention. Table 4 shows the frequencies and frequency ratios of the first seven 
frequencies in the frequency sequence. The first seven frequencies are all due to (m,0) 
modes. That is, the first seven modes are (2,0), (3,0), (4,0), (5,0), (6,0), (7,0), and (8,0). 

Table 5 provides a list of the coordinates of the nodes that together define the inner surface 
of the side portion. Table 6 provides the two points which, when joined by a straight line, 
1 0 defines the shape of the outer surface of the side portion. 
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Table 6 



In these two examples, the outer surface was constrained and thus remains identical to the 
outer surface of the initial shape used in the optimisation procedure. (As stated above, the 
inner surface could have been constrained instead, in which case the inner surface would 
remain identical to the inner surface of the initial shape.) 
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The changes introduced by the optimisation procedure, though of critical importance to the 
frequency sequence of the bell, are only barely visible when the bell design is viewed as a 
whole. Thus, in the case of figure 11, although the inner surface in fact has an irregular 
shape, it is generally concave, as the inner surface of the initial bell shape was concave. 
5 Similarly, in figure 12, although the inner surface in fact has an irregular shape, it is 
generally in the form of a truncated circular cone, as the inner surface of the initial bell 
shape was precisely in the form of a truncated circular cone. 

The word 'comprising' and forms of the word 'comprising' as used in this description does 
not limit the invention claimed to exclude any variants or additions. 

1 0 Modifications and improvements to the invention will be readily apparent to those skilled 
in the art. Such modifications and improvements are intended to be within the scope of this 
invention. 



